Dielectric nonlinear waveguides have reached their maximum potential in achieving high nonlinearity due to the limitation of mode confinement beyond the diffraction limit. We theoretically demonstrate that a plasmonic waveguide consisted of a nonlinear subwavelength core coated by a metallic nanoshell can achieve ultrahigh nonlinearity and complete mode confinement. Our results show that the subwavelength nanoshell plasmonic waveguide can possess an ultrahigh Kerr nonlinearity up to 4.1 × 10 4 W −1 m −1 with nearly 100% of the mode energy residing inside the waveguide at λ = 1.55 µm. The optical properties are explored with detailed numerical simulations and are explained in terms of their dispersive properties.
Introduction
Recent advancement in the state-of-the-art nanofabrication facilities have led to the development of optical waveguides with subwavelength features and inhomogeneous crosssections, providing enhanced optical nonlinearities and small effective mode areas [1] [2] [3] . Such nonlinear optical waveguides are emerging as vital components for all-optical high speed signal processing [1] . The Kerr nonlinear coefficient within a waveguide is determined by the mode confinement and on the bulk nonlinear index coefficient n 2 . To greatly enhance the Kerr nonlinearity, a dramatic reduction of the effective mode area is required. A major problem of current dielectric nonlinear dielectric waveguides is the inability of confining the mode beyond the fundamental diffraction limit. On the other hand, plasmonic waveguides provide mode confinement beyond the diffraction limit; however, they are not explored for potential applications in nonlinear optics. Here, we propose a novel concept for an ultrahigh nonlinear nanoshell plasmonic waveguides with total energy confinement. We show that the silicon-core nanoshell plasmonic waveguide operating at the free-space wavelength 1.55 µm, can possess an ultrahigh Kerr nonlinearity up to 4.1×10 4 W −1 m −1 with nearly 100% of the mode energy residing inside the waveguide. Our results show that this new class of nanoshell plasmonic waveguides could lead to the realization of truly ultra-compact, high-density, integrated nanophotonic devices.
Nanoshell plasmonic waveguide beyond the diffraction limit with complete mode confinement
Confining the mode energy totally within the waveguide cross-section becomes a great challenge when approaching the subwavelength regime. Due to the fundamental diffraction limit, the mode energy cannot be confined to dielectric waveguides with subwavelength core sizes. Taking as an example, a silicon waveguide, embedded in air, depicted in Figs. 1(a) and 1(b), operating at a free-space wavelength of 1.55 µm, we find that a reduction of the core width from 200 nm to 100 nm results in the dramatic loss of the mode energy confined within the waveguide from 77.4% to 0.22%. On the other hand, plasmonics provides an unmatchable ability to confine fields far beyond the diffraction limit [4] [5] [6] . Surface plasmon polaritons (SPP) can facilitate guiding light with concentrated electromagnetic (EM) energies at the metal-dielectric interfaces [4, 7, 8] . However, confining the mode energy completely within the waveguides physical region is very important for realizing compact integrated nanophotonic components with zero-crosstalk, which has not been addressed in both the current dielectric and plasmonic waveguide designs [1] [2] [3] [8] [9] [10] .
In this work we study the modal characteristics of a plasmonic waveguide comprising of a nonlinear dielectric core coated by a nanoscale metallic shell as depicted in Fig. 1(c) . It is demonstrated that such nanoshell plasmonic waveguide possesses three unique features. Firstly, it creates a subwavelength cross sectional confinement of the plasmon mode with an effective mode area as small as 0.0196 µm −2 . Secondly, nearly 100% of the total mode energy can be confined within the subwavelength waveguide. Thirdly, the vectorial nature of the electromagnetic (EM) fields within the cylindrical subwavelength waveguide results in significant increase of the optical Kerr nonlinearity and reaches up to 41251.05W −1 m −1 . Our results show experimentally realizable [11, 12] geometrical alterations of the plasmonic waveguide can dramatically change the distribution of the fields from the induced dispersion and yield ultrahigh Kerr nonlinearity. The ability of combining the total mode energy confinement and the ultrahigh nonlinearity in a single nanophotonic component allows the nonlinear nanoshell subwavelength plasmonic waveguide to be potentially used in nonlinear optical switching [13, 14] , plasmonic modulation [15, 16] , higher order nonlinear signal generation [17] , micro-fluidic sensing, and nano-lasers [18, 19] etc. Our geometry of interest shown in Fig. 1(c) is a metallodielectric plasmonic waveguide where a cylindrical nonlinear dielectric core is embedded within a silver metallic nanoshell [11, 12] . The core has a cross sectional width w, height h, an aspect ratio s (where s is defined as h/w) and the nonlinear core is considered as silicon with a bulk refractive index of 3.48 and a nonlinear coefficient n 2 of 14.5×10 −18 m 2 /W [20] . The silver metallic shell was considered to have a complex refractive index n + ik of 0.145263+11.3587i [21] and has a thickness of d. To illustrate the fundamental modal behavior of our plasmon waveguide we characterized the nonlinearity, the mode confinement and the effective mode index for a variety of d, w, and s. The eigenmodes were extracted numerically with the finite element based eigenmode solver (COMSOL Multiphysics) within the plasmonic waveguide at the telecommunications freespace wavelength of 1.55 µm. Figure 1 (c) demonstrates the mode energy distribution for the plasmonic waveguide with the same core size as in Fig. 1(b) but with a 50 nm silver coating. The mode energy is tightly confined within the dielectric core of the waveguides. In comparison, the state-of-the-art silicon nanowire waveguides [2, 3] and hybrid plasmonic waveguides [8] do not possess such total confinement.
The dependence of the mode confinement on the nanoshell thickness d is further illustrated by the normalized electric field shown in Figs. 1(d)-1(f). For a metallic shell with thickness < 50 nm the coupling between the plasmons of the inner and outer surfaces of the metallic shell becomes stronger and results in hybridization of the plasmon modes causing the fields to spread outside of the nanoshell as depicted in Figs. 1(d) and 1(e). On the other hand, Fig. 1 (f) demonstrates that for metallic shell thickness ≥ 50 nm, the coupling between the plasmons of the two surfaces becomes almost negligible and the mode is strictly confined within the dielectric core.
Mode characteristics of the nonlinear nanoshell plasmonic waveguide
To illustrate the fundamental modal behavior of our plasmonic waveguide the mode confinement is characterized for a variety of w with fixed values of s and d to 3 and 50 nm, respectively. Due to the ellipsoidal symmetry of the waveguide structure the single fundamental mode is x polarized and thus the strong discontinuity of the normal component of the electric fields at the metal-dielectric interface creates an ultrahigh mode confinement. The plasmon mode contains 97.7% of its modal energy within the dielectric core and 99.9% of its modal energy is confined within the waveguide including the metallic shell. It has been demonstrated that the definition for the effective nonlinearity with weak guidance approximation [22] fails for today's state of art subwavelength inhomogeneous cross sections i.e. for strong guidance nonlinear optical waveguides. The subwavelength plasmonic waveguide holds its vectorial nature by having non-negligible longitudinal components of the modal fields which is depicted in Fig. 2 . This requires that a full vectorial model should be adopted to accurately predict the Kerr optical nonlinearity. A number of formulations have been developed to correctly predict the effective nonlinearity in such small core waveguides [3, [23] [24] [25] . A generalized full vectorial-based nonlinear Schrodinger equation (VNSE) was developed to accurately predict the pulse propagation within subwavelength and inhomogeneous nonlinear waveguides [23] and experimental results [26] have already confirmed the added accuracy for correctly predicting the Kerr nonlinearity over conventional models. According to the vectorial model, the Kerr optical nonlinear coefficient of a singlemode highly birefringent waveguide is given by [ 
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where E and H are the electric and magnetic vector fields of the propagating mode and n(x,y) and n 2 (x,y) are the linear and nonlinear refractive index distributions with respect to the waveguide cross-sections. The effective mode area A eff represents a statistical measure for the mode energy density distribution. The effective mode area also possesses its full vector nature as opposed to the scalar field definition [22] . The statistical definition for A eff provides the complete electromagnetic (EM) mode area compared to its counterparts [8] which are completely inaccurate to express the nonlinearity within a waveguide. The effective nonlinear refractive index coefficient 2 n is weighted with respect to the modal field distributions over the inhomogeneous waveguide cross-sections. Equation (3) is directly used here to calculate the effective nonlinearity. In all our considered waveguide geometries the strength of the electric fields within the metallic regions are much less than that in the dielectric core, and as the effective Kerr nonlinearity measures on the 4th power strength of the electric fields we can neglect any nonlinear contribution of the metallic portions of the waveguides. It is clear from Fig. 3(a) that the mode possesses an ultra-small effective mode area due to the plasmonic confinement of the system. For a core width of 100 nm, A eff of the nanoshell plasmonic waveguide is 0.0196 µm −2 , which, to the best of our knowledge, is the smallest effective mode area (based on the statistical measure) so far for optical waveguides at wavelength 1.55 µm. The inset of Fig. 3(a) shows the propagation lengths of the plasmon mode is less than that of the SPP modes (~24.5µm at the wavelength of 1.55 µm) at a flat silver-silicon interface. These higher losses arise from the strong localization of the fields to the metallic nanostructure. However, the high subwavelength localization and total energy confinement of the nanoshell plasmon waveguide make them unique candidates for photonic integration on the nanoscale. Further decrease of the core width leads to smaller effective areas and larger nonlinearity; however, this also greatly increases the propagation loss. Here we have restricted the results to a regime where the propagation length is of practical use.
Even though the nonlinearity γ is inversely proportional to A eff , surprisingly, our results show that γ increases at a much faster rate than the decreasing rate of A eff . The reason behind this enhanced increasing rate is that the effective nonlinear index coefficient 2 n of the nanoshell plasmonic waveguide emerges much larger than the bulk 2 n , which has not been reported before. Figures 3(a) and 3(b) show that as the core width decreases from 140 nm to 100 nm [11] , A eff decreases 0.52 times, while 2 n increases 1.37 times (from 1.82 to 2.506 times the bulk silicon n 2 ). Thus, the combined effect enhances the optical nonlinearity γ to 2.64 times and reaches a highly enhanced value of 7514W −1 m −1 . Undoubtedly, 2 n plays an intriguing role to stimulate the γ value of the nanoshell plasmonic waveguide which could demonstrate an ultrahigh optical nonlinearity. It should also be noted that the nearly total energy confinement of the plasmonic waveguide holds regardless the variation of the waveguide core cross-section sizes shown in Fig. (3) . Fig. 4 . Characteristics of the effective nonlinear index, mode area, Kerr nonlinearity and group index for d = 50 nm and varying s while the nonlinear core cross-sectional area was kept same as in Fig. 3. (a) The normalized 2 n and Aeff for decreasing aspect ratios of plasmon waveguide. Inset: the neff versus aspect ratio s. (b) Kerr nonlinearity and square of the group index as function of aspect ratios for the plasmonic waveguide with a silicon core. Inset: The propagation length L and product of γ and L as a figure of merit. the dominating role to significantly enhance the nonlinearity rather it is 2 n of the waveguide core. Figure 4(b) shows that γ reaches an ultrahigh value of 41251.05W −1 m −1 for an aspect ratio of 1.333. For a fair comparison of the enhancement of γ we compare with other highly nonlinear optical waveguides with the same waveguide core material. Our results show that this ultrahigh value of γ in our plasmonic waveguide is 25 times higher than that of the stateof-the-art nonlinear silicon-on-insulator slot waveguide [3] . More importantly, at this ultrahigh nonlinearity the mode contains 99.1% of energy within the entire waveguide region. It is the strong lateral localization of the nanoshell plasmonic waveguide that provides almost all the mode energy confined within the tiny silicon core with immense nonlinearity. In contrast, other geometries such as the hybrid plasmonic waveguide [8] contain only 15 to 20% of the mode energy within the low index dielectric region for the mode confinement. As a result, our nanoshell plasmonic waveguide geometry is more suitable for ultrahigh nonlinear interactions with nearly total energy confinement as well as minimal cross-talk at a subwavelength scale.
Ultrahigh nonlinearity with geometrical alteration
It can also be noticed from the inset of Fig. 4b that the propagation length decreases with a reduction of aspect ratios, giving a trade-off between the ultrahigh nonlinearity and the propagation length. As a figure of merit, we plot the product of the nonlinearity and the propagation length in the inset of Fig. 4b which shows a gain of a factor of two for decreasing aspect ratios. Further decrease of the aspect ratio of the nonlinear core leads to even greater enhancement of the Kerr nonlinearity; however, in this regime, the propagation length of the mode becomes less than the wavelength of operation. Thus we have not included these results here. To understand further the physical reason for the dramatic enhancement of the optical nonlinearity of the nanoshell plasmon waveguide we inspect the variation of the magnitude of the modal fields. The effective nonlinear coefficient 2 n is inversely proportional to the integral of square of the power flow along the propagation direction as can be followed form Eq. (3). The denominator in Eq. (3) determines the enhancement of the 2 n and can be written as ( ) 2 2 * * *.
Origin of the ultrahigh nonlinearity
For the nanoshell plasmon waveguide the mode is x polarized and thus the modal fields E x and H y are strongly dominant over the E y and H x fields respectively. Thus the second term inside the integral of the right hand side of the above equation becomes the multiplication of the weak modal fields and thus can be ignored. So, Eq. (4) can be re-written as ( ) 2 2 2 * *.
x y E H z dA E H dA × ≈ ∫ ∫ (5) The z component of the power flow relies on the lateral components E x and H y . Figure  5 (a) depicts the magnitudes of the modal fields for the changing aspect ratios i.e. for the varying wavevector. The field components ( )
) for each value of the aspect ratios. The same normalization method was followed for the magnetic field components. The E x component is dominant over the other components of the electric fields over the whole aspect ratio range. On the other hand, both the H y and H z components contribute for the high aspect ratio. However, as the aspect ratio decreases, H z becomes dominant over H y , as can be found in Fig. 5(a) for the aspect ratio of 1.333. The reduced magnitude of H y drastically weakens the energy flow along the propagation direction and effectively yields a much higher value of 2 n for the low aspect ratio. The increase of H z component of the magnetic field for low aspect ratios is reasonable from the variation of the effective mode index n eff shown in the inset of Fig. 4(a) . This feature states that the n eff value of the plasmon mode reduces for decreasing aspect ratios, indicating the reduction of the plasmon mode wavevector, i.e. it approaches the stationary limit (i.e. k mode →0) when the aspect ratio is reduced.
In the limit of k mode →0, the mode becomes stationary and the current density flows only along the azimuthal direction within the metallic nanoshell cross section. This rotational current flow in the two dimensions causes the magnetic fields to be directed purely along the propagation direction. Figure 5 (a) evidently demonstrates the growing dominance of H z over H y for reducing plasmon wave vector (i.e. for approaching to the stationary limit) and illustrates the enhancement of the optical nonlinearity. Figures 5(b) and 5(c) show the distributions of the magnetic field components H y and H z for the lowest aspect ratio 1.333 and depict the dominance of H z over H y . Fig. 6 . Dispersion relation of the plasmon mode approaching of the stationary limit at 1.55 µm for d = 50 nm and varying s while the nonlinear core cross-sectional area was kept same as in Fig. 3 .
An alternative explanation of the enhancement of the effective nonlinear coefficient 2 n can be derived by analyzing the dispersive properties of the nanoshell plasmonic waveguide for varying aspect ratios. We investigate the dispersive properties of the nanoshell plasmon waveguide by using the eigenmodes and analyze the relation with the group velocity [28] . Figure 6 depicts the dispersion of the plasmon modes for a range of aspect ratios. Interestingly, for the transition from the high to low aspect ratios, where the plasmon modes approach the stationary limit, the dispersion curves flatten out. As pointed out at Fig. 6 , at the wavelength of 1.55 µm the dispersion curve is almost flat for the low aspect ratio of 1.333 which indicates a very small group velocity in contrast to the high group velocity for the high aspect ratio of 3. The square of the group index (n g →c/v g ) of the nanoshell plasmon modes over the varying values of the aspect ratio, shown in Fig. 4(b) , exactly replicates the trend of the optical Kerr nonlinearity, illustrating the role of the reduction of the group velocity for the ultrahigh nonlinearity. This large group index greatly prolongs the nonlinear interaction between light and matter i.e. induces the enhanced nonlinear index coefficient 2 n of the system and hence, yields the ultrahigh Kerr nonlinearity.
Conclusion
We have shown that total mode energy confinement is achievable in a nanoshell nonlinear plasmonic waveguide. We have theoretically demonstrated that an ultrahigh nonlinearity can be achieved up to 41,251 W −1 m −1 due to the significant enhancement of the effective nonlinear index coefficient along with the subwavelength confinement by controlling the geometrical properties of the plasmonic waveguide. The combined properties of the enhanced nonlinearity, the subwavelength mode area and complete mode energy confinement forms an excellent silicon based nanoplasmonic platform for the realization of high-density photonic integration of nonlinear optical switching [13, 14] , higher order nonlinear signal generation [17] and all optical modulators [29] , nano-lasers [19, 20] and gain assisted plasmonic propagation [30] .
